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Abstract — the article is devoted to the study of the mathematical model given
by the system of nonlinear differential equations for the purpose of identifying its
equilibrium points and conducting an analysis of the stability of these points in
accordance with the Lyapunov stability method. The performed studies allow to
provide a geometric interpretation of the behavior of the system and to visually
present its phase portraits. Such an analysis makes it possible to predict the modes
of operation of the system under different initial conditions. The research of the
mathematical model is carried out by numerical methods in the MATLAB system
for engineering and mathematical calculations using the integration of the system
of differential equations by the Runge-Kut method of the 4th order.
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Problem Statement. The level of professional training of an engineer is
largely determined by his ability to conduct research with modern tools, including
using such powerful systems for engineering and mathematical calculations as
MATLAB [1-4]. Within the discipline "Software for mathematical calculations",
which is taught for the specialty "Mathematics" in the second year of the National
Technical University of Ukraine "Igor Sikorsky Kyiv Polytechnic Institute",
students learn to conduct research on given mathematical models represented by
a system of differential equations, not only by using analytical methods and
numerical integration, but also using a geometric interpretation of the behavior of
the system in the phase space, which expands the general picture for predicting
the behavior of such systems under different initial conditions.

Analysis of Recent Research. The study of mathematical models
represented by systems of differential equations is carried out analytically, or, in
cases where the systems of equations are not integrated, using numerical
integration. Each numerical integration allows you to build a single phase
trajectory, which does not give a complete picture of the system's behavior.
Construction of phase portraits of the studied system as a set of characteristic
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trajectories, analysis of their structure, supplementing the conducted research with
the determination of the stability conditions of the equilibrium points of the
system is a powerful tool for understanding the general picture of the behavior of
the system and predicting its behavior under different initial conditions [5-9].

Formulation of Goals. When studying the discipline "Software for
mathematical calculations", students master various methods of analysis and
research of mathematical models given by the system of differential equations.
The purpose of the article is to provide an example of such a study conducted
within the scope of the specified course. At the same time, numerical integration
of the system of equations was used and the stability conditions of the constructed
equilibrium points of the system were analyzed. The result of the conducted
research was the construction of a phase portrait of the system, which made it
possible to predict the behavior of the system under the given initial conditions.

Main Part. The complex of laboratory works developed in the course allows
students to acquire the skills of conducting a multifaceted study of the problem
using various methods to confirm the reliability of the obtained results by
comparing them. One of the laboratory works of the course consists in the fact
that for a given mathematical model represented by a system of differential
equations, it i1s necessary to conduct the following complex research. Let's
consider this on a concrete example.

In the version of the laboratory work, a system of differential equations was
set::

dx_
T

d
d—3:1=x+x2

In the process of studying the system, we search for an analytical solution, if
it exists, and we study the given system using numerical methods.
Analytical solution of the system gave the following results:

x=C2*((2*exp(4*t) *sin(11"(1/2) *t))/5-

(117(1/2) *exp(4*t) *cos(117(1/2)*t))/5)-...

CI*((2%exp(4*t) *cos(117(1/2)*1))/5 +
(117(1/2) *exp(4*t) *sin(11(1/2)*1))/5)

y =Cl*exp(4*t)*cos(11™(1/2)*t) - C2*exp(4*t)*sin(117(1/2)*1)

From the obtained analytical solution, a series of integral curves can be
constructed to explain the behavior of the system, but the choice of initial
conditions is not obvious. Therefore, it is desirable to carry out a qualitative
assessment of the system in order to set the initial conditions based on the received
data. This will make it possible to more fully reveal the behavior of the system.

We will conduct a study of the system for the presence of equilibrium points
and examine them for stability using the Lyapunov stability theory. First, we will
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find the equilibrium points of the system. To do this, we are looking for a solution
to the following system of equations obtained from the original one with zero
value of the derivatives:

y=0

x+x2=0

As a result, we have two equilibrium points with x and y coordinates:

The first point 0,0
The second point -1,0

We will conduct a study of equilibrium points for stability. To do this, we
linearize the given system and substitute the values of the coordinates of each of
the obtained equilibrium points. According to the method of stability of
equilibrium points by the Lyapunov method, we can draw the following
conclusions. The first point of balance (x=0, y=0) is saddle, since the obtained
values of the roots of the age equation for the linearization matrix at this point
take values /\1=-1, /,=1. This means that in the phase space there is a direction of

attraction to the equilibrium point, which is indicated by the root of the age
equation with the value /;=-1 and a direction of repulsion from the equilibrium

point, which is indicated by the root of the age equation with a value of /,=+1.

The second equilibrium point (x=-1, y=0) is a stable center, since the obtained
values of the roots of the age equation for the linearization matrix at this point

take the complex values /\=+i, ),=-i.

In accordance with the research results, a phase portrait of the system is
constructed, where the obtained equilibrium points make it possible to determine
the necessary boundaries of the construction of the phase portrait and its
geometric features. The construction of the phase portrait is carried out by the
method of numerical integration of the original system of equations using the
Runge Kut method of the 4th order in the MATLAB system for engineering and
mathematical calculations under different initial conditions, taking into account
the prediction of the appearance of the phase portrait of the system based on the
obtained equilibrium points. The set of phase trajectories obtained during a series
of numerical integrations of the system visualizes the behavior of the system
predicted above. The results of the study are presented in Fig. 1.

Let's analyze them. Figure 1 shows the equilibrium points and the direction
of movement along the phase trajectories. It is thus clearly visible that orbital
motion is observed in the vicinity of the stable center x=-1, =0 In the vicinity of
the saddle point x=0, y=0 (Fig. 1) clearly expressed directions of attraction and
repulsion to the unstable saddle point are visible. The nature of the phase
trajectories at a certain distance from the determined equilibrium points is
determined by the general influence of the attraction and repulsion directions and
the orbital motion caused by the presence of both equilibrium points.
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Comparison of the results obtained by different methods, namely, the phase
portrait constructed by numerical integration and the graph of the gradient field
of the system gives a complete coincidence, which confirms the reliability of the
obtained results. That is, conducting research using different methods makes it
possible to obtain reliable results and more fully present the behavior of the

Stable center
\ Z

system.

Saddle point of equilibrium

1
-1

Fig. 1 The phase portrait of the given system is obtained by numerical
integration at different values of the initial conditions

To identify the direction of flow, we will plot the graphs of the gradient field.
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Fig. 2 Graph of the gradient field of the given system

Conclusions. As a result of the tasks from the discipline "Software for
mathematical calculations", students master a wide range of methods of
researching mathematical models of various systems. One of the examples of
using the knowledge gained by students in the process of mastering the course is
the application of a geometric interpretation of the behavior of the system with
the construction of its phase portrait, which is demonstrated in this study of the
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given system. The combination of mathematical apparatus and modern software
gives good results and is, in most cases, the only possible means of conducting
comprehensive research of mathematical models of complex systems. Using the
MATLAB system for such mathematical and engineering calculations and
mastering the tools of this package gives the student the opportunity to acquire
professional competencies that meet the requirements of modern production. The
acquired knowledge and acquired skills will be used by students in further studies,
and will later help in independent scientific activity.
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